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FOREWORD

This study was undertakern as part of an investigation of navi-

gation within the solar system by optical means. The objective of

the investigation is to evaluate the suitability of various physical

phenomena as sources of navigational information and to estimate the

t
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accuracy of navigational information obtained by various techniques.
The work was supported under Contract No. AF 33(616)-7413 by the

Navigational and Guidance Laboratory, Wright Air Development Division,
Air Research and Development Command, United States Air Force.
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The present report is one of a series of three entitled:

o v b

%

SATELLITE NAVIGATION BY TERRESTRIAL OCCULTATIONS OF STAKS

'wu-: e,

I. General Considerations Neglecting Atmospheric Refraction and
¥ Extinction by Ali M. Nagvi (Geophysics Corporation of
¥ America Technical Report 62-18-A, October 1962).
¢
II. Considerations Relating to Refraction and Extinction by
Ali M. Naqvi (Geophysics Corporation of America Technical
Report. 62-21-A, Uctober 1962).
III.

Interference Due to Brightness of Earth's Atmosphere by

Rollin C. Jones and All M. Naqvi {Geophysics Corporation of
America Technical Report 62-22-A, Octcbar 1962).
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ABSTRACT

The condition for terrestrial occultation of a star as seen from
a satellite is derived in terms of the orbital elements of the sat-
ellite and the equatorial coordinates cf the star. An occultation
equation relating the time of occultation to the orbital elements is
also derived. Relevant stellar properties are discussed. The
frequency of occultations as a function of perigee distance and
eccentricity of the orbit is obtained. A general discussion of the
minimum number of stars required for satellite navigation, and the
corresponding limiting magnitude of the satellite-borne telescope is
given. Except for references to other reports of this series where
atmospheric effects are considered, all results are derived on the

assumption that the earth is a2 perfect sphere and has no atmosphere.
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SECTION 1
INTRODUCTION

One ¢f the clagsical methods for measuring the longitude of a
place on the earth's surface is bezsed upon the observations of star
occultations by the moon (See Chauvenet, 1891, Chap. 10). The method
assumes a knowledge of the lunar orbit. Alternatively if the longi-
tude of the observer could be determined by some other method, the
star occultations could be used to determine the lunar orbit, or
rather to apply small corrections to an assumed orbic. The similarity
between this procedure and a proposed method for determining the orbit
of an earth-satellite, based upcn thie measurements of the time of
occultations of stars by the earth, is obvious.

A parallel beam of light from a star falls on the earth, which
caste & cylinderical shadow whose axis is along the line joining the
star and the center of the earth. As seen from the satellite an
occultation of this star by the earth will occur, if and only if,

some portion of the satellite's orbit passes through the above mention-
ed cylinderical shadow.

The earth is, in fact, not a perfect sphare and therefore its
shadow is not a perfect cylinder. However, correction for wnown
departures from sphericity can be applied. To the extent that there
are bound to be some errors in the measurements of the shape of the
earth, the exact shape of the shadow would also be uncertain. Then
there are mountains on the earth's surface some of which extend to
almost 10 km above the earth's surface. Unless their exact locations

and height are known, some small errors can arise due to these irreg-
ularities.
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However, the presence of clouds in the earth's atwosphere, which
can completely absorb the star light, and of which the height may
vary in a totally unpredictable manuer, makes the observations of

occultations of stars by the earth's solid surface unreliable for

position and orbit measurements. In the second report of this series

(Naqvi, 1962; hereafter referred to as Report II), it is shown that

criteria other than a geometrical occultation behind the opaque earth

can be used for satellite navigation. In this report we shall assume

that the earth is a perfect sphere with no atmosphere (and no clouds)

Section 2 defines the various orbital elements. In Section 3 a condis

tion for the occultation of a given star by a satellite of a given

orbit is derived. Usually an approximate orbit of the satellite is

predetermined. This condition is then useful since it allows us to

know in advance of thc launching of rLhe satellite exucily which stars,

(and how many), would be occulted. In Section &4, the occultation

equation which relates the time of occultation to the orbital elements

is derived. A resumé of relevanrt stellar properties is given in Sec-

tion 5, and finally, the expected frequency of star occultations and

the limiting magnitudes of the stars to be observed are discussed in
Section 6.

In Report II of this serles, the effects of refraction and
extinction are investigated and in Report III a brief discussion of

the interference due to the brightness ¢f the earth's atmosphere
is given.
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SECTION 2
THE ORBITAL ELEMENTS

In this section we define the six fundamental orbital elements

and a few others related parameters. For more complete details the

reader may consult any standard text on celestial wmechanics or orbit

theory (for example Moulton, 1914). For an elliptical orbit six

orbital elements and time completely define the position of a body in
space. (Figure la). These are:

a - semi-major axis, which dofines the size of the orbit.

e - eccentricity, which defines the shape or oblateness of the
orbit.

T - time of perihelion passage which defines the position of the
body in its orbit at a given time.

1 « inclination nf the orbital plane to the fundamental plane

(xy plane in Figure la). Note that in the usual orbit theory

the ecliptic is taken to be the fundamental plane, but in
considering the satellite orbits, the earth's equatorial plane
is found more convenlent.

Q - longitude (if the ecliptic coordinate system is used) or right

ascension (if the equatorial coordinate system is used) of the

ascending node, The ascending node is defined as the point

of interscction of the orbit and the fundamental plane, when

the body is moving from negative to positive 2 direction and
i and (I together define the orientation of the orbital plane

with reference to a given coordinate system.
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w - longitude of the perigee messured from the ascending node

along the orbital plane, wtich defines the orientation of the
orbit in its piane.

There are several other orbital parameters which are functions
of the above mentioned elements, and which can therefore be used esqual-

ly well

in their place. We shall have occasion to use two such para-

meters, whizh are:

.P-

period of the body which is related to the semi-msjor axis a
in accordance with Kepler's third law;

P2 4x? 4x
5- —E "L . constant 2.1)

a C(m + m') Cm

The approximation in Equation (2.1) holds provided the mass

of the smaller body m' is negligible compared to the mass of

the larger body m. G is the gravitational constant. &

convenient way to use Kepler's law is to write it as follows:
a 3/2

P=P ( lao) (2.2)

where P o is the period of an imaginary satellite whose semi-

major axis is a8 1f a = 6378 km, the equatorial radius of
tle earth, we have

Po = 5069 sec = 84.48 min = 1,408 hours (2.3)

true anomaly is the polar angle (Figure 1b) measured from the
perigee in the forward direction of motion along the orbit,
It 1s evident that v is independent of the elements which
define the orientation of the orbital plane in space, or the
orbital orientation in this plane, namely i, Q, and w, and 1is
a function of a (or P), e, T and the time t. For derivation

of the following results a reference may be made to Moulton




(Chap. S, 1914).

+e‘z& E

y = _ (2‘4)
tap 2 pe tan 2

T

E-e sinE=¥ (known as Kepler's equation)

{2.5)
- T

‘ H=2 ( P ] (2.6)
&
:‘f. When the eccentricity e is sm21l (as is the case for nlanetary
:% orbits, and for some sateliite orbits) a series Expansion in e can
& be obtained
: 5 2
“ v=H+2e sin M+ 7 e sin2¥
-
4 3

+—§—,—(13 sin 34 - 3 sin ¥)

IA
+ ;—6 (103 sin &M - 4% sin 2M)
S
+ 360 (1697 sin SM -~ 645 sin 34 + 50 sin M)
6

+ %&'6 (1223 sin 6M - J02 sin 4M + 85 sin 2M)

+ . .

.

2.7

The polar equation of an ellipse in its simpiest form is

at - %)
r:
1 +ecosv
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SICTIONE 3

COXTITIONS FOR OCCULTATION

It can be seen fiom elesentary geomerrical coasideratiop that if
the earth-star vectcr is in the plane of the satellite crbit, an
oeclesricosn of this star =ust oocur {See Figure 2) during an orbital
revolution. On the contrary, if the earth-star vector is perpendicu-
lar to the orbital plane an occultation can not occur. The general

condition is derived in this section.

There is another way to look at the occultation geometry from the

point of view of an observer on the satellite, which is depicted in

Figure 3. A cone is drawn just erveloping the earth with the satellite

ar its apex and the line joining the sateliite to the eartn's center
as its axis. The sexi-angle of the'shadow coneis

-1 %
B = gin- -r— (3-1)

where a is the earth's radius and r, the distance from the earth’s
center to the sateliita. r is sometimes expressed in terms of h,

the height zbove the earth's surface, as
r=a +h 3.2)

A star whose direction, as viewed from the satellite, lies on the
forward half of the instantaneous surface of the cone is said to be
at the point of ingress, whereas a star whose directior lies on the
other half of the instantancous surface of the cone is said to b2 at

the point of egress.
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As the sateiiite revoives arcund the earth, the “shadow cone”,
which can be imagined to be attached 0 the satellite, also revolves.
For an elliptical orbit the radius vector r is given by Equation (2.8).
Variations in r cause changes in the semi-angle of the shadcow cone 8,
which as a function ot the true anoamaly v, becomes,

a
~1 "o 1+ ecosv
g = sin z

3.3)
1- e2
For any orbit the maximum and minimum values of R are
= gf -1 .—a.o—. 3 [‘)
B(mad = sin 2l - o) 3.
-1 25
g(min) = sin Y] (3.5)

These are functions of only two of thke orbital coordinates, namely a
and e. It is evident that the condition for occultation is that the
line joining the star and the satellite must pass through the shadow

cone at some point along the satellite orbi:.

Consider a celestial sphere (Figurc 4) with the earth at its

center and the plane of the satellite's orbit, BSPQS', as its funda-

mental plane. Let P denote the perigee and S the projection on the

celestial sphere of the instantancous position of the satellite in its
orbit. The "shadow cone'", described above would intersect the celes-

tial sphere in the shaded circle whose center S' is n vadians away
irom S.

The angular radius of this cirele is defined by Equation
(3.3).

Consider a star X whose latitude is ¥ and whose longitude ¢

(measured from perigee P along the orbical plane im the direction of

13
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the satellite's motion) is the ea=e a2s the instantaneous longitude of
S'. This system of coordinates will be called the "orbital™ coordi-
nate system. The condition that an occultation of this star, as seex

by a satellite S (of given orbit), would occur is that

-1 ao(l - e cos ¥)

¥ S sin 2
a(l - 9 (3.6)

Since stellar positions are usually given in right- ascension
and declination, some relations between these coordinates and the
orbital latitude and longitude are required. To derive these rela-
tions, consider the celestisl sphere drawn in Figure 5, in which the
plane of the earth's equator is the fundamental plane. This differs
from the usual drawings of orbits of bodies in the solar system which

have the ecliptic as the fundamental planc of the celestial sphere.

The following results can be obtained very easily by standard
methods of spherical trigonometry.

sin ¥ = -sin 1 cos & sin (@ - Q) + cos 1 sin 3.7)

cos ¥ sin (W + ¢) = cos 1 cos & sin (@ -~ Q)
+ sin i sin & (3.8)

cos ¥ cos (W+ ¢) = cos (y - 1) cos & (3.9
Equations (3.8) and (3.9) can be further simplified to yield

cos ¢ sin ¢ =cos 1 cos & sin (@ - Q1) cos w+ sin i sin  cos w

- cos (x - Q) cos B sin w (3.10)

14
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cos ¥ cos & =cos 1 cos & 3in (@ - Q) sin w+ sin i1 8in 5 sin w

+co5 {&-Q) cos 5 cos v (3.11)

The condition for occultation becomes

-E— 1 - ez) (cos i sin & - sin (@ ~ Q) sin { cos B)
o

=l sini 8in & + sin (@ - Q) cos i cos &
+ e cos tan cos (¢ -~ Q) cos &

<1 (3.12)

16
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SECTION &
DERIVATION OF ORBITAL ELEMENTS

Consider the celestial sphere drawn in Figure 6. The instantan-

eous position of the satellite is marked at S and the projecticn of
the earth's "shadow" on the celestial sphere is again depicted by
the shaded circie whose center §' is i radians from S. The true
anomaly of the satellite v equals PS.

itude XX' =

The star X, whose orbital lat-

y and vhosc orbital longitude PBX' = ¢ is at the point of
ingress.

It is easy to see that XS' (= p) is the instantaneous angular
radius of the earth's shadow, given by Equation (3.3), and $'X' =
(¢ - 1 - v). Now consider the snwherical triangie XX'S' whose angle

XX'S' is a right angle., Solving this triangle we obtain

cos B =cos ¥y cos (¢ =n =~ Vv) =- cos ycos (v -¢)
(4.1)
We now use Equations (3.10) and (3.11) to chenge from the orbital to
the equatorial coordinrtes of the star, and get *

r a (1 + e cos v) 27%
- cos B = -[1-

a(l - e2)

= cos 1 cos & sin (o - Q)sin (v+ ) + sin i

sin & sin (v + w) + co8 & cos (& ~ §I) cos (v + w}

(4.2)
The observations consist of the measurement of the time of ingress

(or egress) of severel sters, Six such time werssurcments will yield

six equations from which the six orbitnl elemenis con be calculrted.

* This equation has also veen derived by scientists at Control
Data Corporation (Private communication from Robert Lillestrand),

17
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SEGTION 5

7
RESUME OF STELLAR PROPERTIES

5.1 SPECTRAL CHARACTERISTICS AND TEMPERATURES

L]

The spectral classification of stars divides them into several
groups labelled B, A, F, G, K and M. There are a few other groups
also, labelled W, 0, Q, R, N and §, but since they consist of only
abtout 1% of ail the apparently bright stars, they will not be consid-
ered here. Each spectral class is further divided into 10 subclasses,

labelled by numbers from zero to 9.

In addition the stars are divided into groups according to
their intrinsic (as oppused to apparent) luminosity. The most impor-
tant luminosity classes are the supergiants, the glants and the main
sequence stars, although the following more complete classification

is frequently used.

I Supergiants {(including c stars)

II Bright giants

III Giants

IV Sub-giants

V  Main sequence (also called dwarfs)
§d Sub-dwarfs

w  White dwarfs

Except for the presence of a few absorption and emission lines,
the spectral intensity distribution of a star closely approximatas tha
Planck law. Table 1 (taken from Allen, 1957) gives the uffective
temperatures of stars of various spectral and luminosity classes. The

effective temperature Te is defined in terms of the luminosity L

19
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TABLE 1

L
2 EFFECTIVE TEMPERATURES AND COLOR INDICES FOR VARIOUS SPECTRAL AND
; LUMINOSITY CLASSES (taken from Allen, 1957)
v c T,
% ‘ Main Giants| Super-{ Main | Giants | Super-
T Sp seq. giunts} seq. giants
%
%v; B0 | -0.42 P2 000
% ’ B5 -0.36 14 000
g; ‘ A0 -0.17 10 700
@’" AS [ 40.03 8 500
%;; FO 140.15 |40.22 7 400
F5 140.28 140.40 |+0.34 |6 500
33. GO [40.42 |40.60 |+0.70 |5 900 | 5200 | 4 900
) 65 [+0.58 [40.82 (+1.05 {5500 4 600 | & 300
8 \
: KO |40.77 141,06 .+1.4 |4 900 | 4 100 | 3 800
N !
' B [+1.08 j413s 4200 3600 | 3300
‘ MO (413 j41.5 3600 | 3400 | 3000
M5 1415 2 800 | 2 800
| |
20
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(total energy output per second) as follows,
L= lmkz‘f ,"c
e

where R is the radius of the star and ¢ is the Stefan-Boltzmenn ccn-
stant, There are severel different definitions of steilar temp-
eratures used by astrophvsicists (color temperzrure, brightness
temperature, etc.) but the effective temperzture is physically the
most significant, and it is a parrmeter of great theoreticsl usefui-
ness (See, for exrmpilz, Aller 1953, Chap. 6).

From the wide range of stellar temperatures shown in Table 1, it
is evident that the intensity distribution of different stars in
different spectral regions would vary very much. This is shown in
Figure 7 (teken from a recent paper by Remsey, 1962 *), where the
energy received at the top of the earth's atmosphere from sowe of the
brightest stars (of different spectrzl and luminosity classifications)
is plotted against the wave length. Thus it can be seen that z red
star which is visually bright, for example Betelgeux, has very little
energy at the short wave length ragion, say below 5000 A,

Some relevant data concerning the stars for which curves of Figure
7 are drawn is listed in Table 2.

* The following stars are omitted from the figure of Ramsey:

R Hydrae because of its low brightness

«a Crucis and Altair because the temperatures used by
Ramsey are in error. Their effective surface tenpera-
tures are 21,000° K and 8,600° K respectively, whereas
Ramsey used 2,81"° K and 7,500° X,

Antares becruse Ramsey labelled two different curves for
this star. (It appears that one of these curves is for
Antares and ihe othar for Aldebgran)

21
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TIZ 2
; MACKITCRES, TEMPERATIRES, SPECTRAL AMD
LIMINOSIYY CLASSES FOR SELECYED STARS

oS PO T PR VAR ot ot
L]

Star R n TP |sp : Luainosity
Lo € Class
‘ ;
Sirius -1.43 |-1.58 11 200 {Al v !
Ackernar . 0.55| 0.27 15000 |85 w )
Rigel ; 8.15 }-0.02 12500 ;=2 T
Mira « 1.9 133 239 iue
- (varisble) } ' !
? Betelgeuse {0.7 246 3100 (M2 T
¥ {variable) :
Zégr Vega | 0.05 §-0.08 11 2GC iao v
¥ B Gruis 2.14 | 3.6 2810 3 I
3 Pollux 112 2.00 4200 |& m
ki B Centauri 0.69 | 0.31 21000 = 11 :
Canopus -0.77 {-D.67 i 8 000 -FO 1 i
f Arcturus 0.03 § i.24 ; 4 100 KO 111
\ Capella 0.13 | 9.87 | 5500 ¢l m |
1 5 | |
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5.2 TIKTEXRSITY CHARACIERISTICS

The range in the zppzreat trightnesces, or spparent megnitudes
of stars (due in part to range ir intrinsic brightness az2 in part
to thet in diszancer) is enormcusiy great. The naked eyz can, under
optimm=m conditions, see stars of visual megnitude x_ up to 6. Tkrough
a telescope of 2™ aperture (a likely instrument to be used in a

sztellite) stars of visual megnitude up to 10 or 12 can be detected.

The wave iength Tegion best suited for measureccnts reguired in
satellite navigation is discussed in Report II. It is approximately
the region from 3000 A to 5000 A. On the other hand the visual =agni-
tude refers to stellar brightness in the spectral region of greatest
visual sensitivity, whizh centers at 5560 A and extends from approx-
imately 5000 A to 6200 A.

Assuming Planck's law to hold for stars, a knowledge of the
effective surface temperatvre and visuval msgnitude can be used to
derive total irradiance in any other spectral ragion (such as that from
3000 to 5000 A). However, for this preliminary discussion this is not
considered necessary. Instead we can use the photographic magnitudes
as a criterion of brightness in the above-mentioned spect -1 region,
since this region is almost coincident with the rezionof maximum
sensitivity of the photographic plate. The difference betweer photo-

graphic magnitude mpg and the visual magnitude , is known as color
indet, C.I.

CIL = mpg -n,
The color index for individual bright stars is given by Allen (1957,
Section 112), and for various spectral and luminosity classes it is
given in Table 1. Right ascension, declination, phot-graphic mag-
nitudes and spectral and luminosity classes for the 50 (photograph-
ically) brightest stars is given in Table 3 (Arranged in decreasing
order of brightaess; data taken frum Allen 1957, Section 112).
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TABLE 3

FIFIY BRIGHTEST STARS {PHOTOGRAPLIC MAGKIIUDE)

STAR a o = Spec- Luminosity
e tral Class
Class
Sirius acCMa 6%0.8" -16°35* -1.58 AL v
Canopus @ Car 621.7" _52°38' -0.67 ¥0 I
Vega alyr 18"33.6" +38°41' -0.08 AQ v
Rigel g ori s®9.7™ _ g9t -0.03 28 1
Achernar o Eri 1360 _s7°us*  0.27 B85 i
geen 13756.8" _s3°s3'  ¢.31 Bl 1
acru 1221.0" g°330 0.0 B w
ccCen  14"32.8° _e0°25'  0.43 @, K3
Procyon o CML  7"34.1% +5°29'  0.66 FS v
Spica avirge 13M3.9® -10°38  0.68 Bl v
Altair oAl D%s5.0® 4+ 8°36'  0.87 a7 v
Capella  « Aur sh 9.3 445°s4' 0.87 Gl 111
Beru  12M1.9° -59°9'  0.94 BO 11
Regulus  aleo 10" 3.0° $12°27' 1.10 B8 v
Fomalhaut aPs 2  22"52.1™ -30° o'  1.13 a3 v
¢ CMa  6"4.7™ -28°50'  1.20 B2 11
Deneb acys  20M18.6° +44°55'  1.20 A2 1
;‘ Arcturus ¢ Bol llohll. 1™ +19°42° 1.24 X0 111
»sco  17726.8™ 377 2'  1.27 B2 v
yori  sMo.8® +6°16' 1.37 B2 11
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Algol

Pollux

£

¢ Ori
B Tau
€U Ma
7 Vel
nUMa
a Gru

-g Car

g£CMa
o Pav
€ Sgr
o Sgn
5 Vel
Y Gem
K Ori
t Pup
o And
5 Ori
8 Aur
# Per

& Gem

T2BLE 3 (Continved)

o & = Spec- Lusminosity
PE tral Class
Class

2.2 4376 i3 a1 v
sP31.1® - 1°16f 143 g I
s720.0  328°32' 1.46  gg 1z
12M%9.6  +56°30° 1.47  ajp

8 6.4 47°3' 151 w7

13%3.62  449°%9° 1.56 B3 v
22" 1.9 47°27' 1.58  BS v
9"12.1®  -63°18' 1.59 A0 I
s"5.™ 200" 1.60 09 1
8.3  a7°56' 1.63 Bl IiI
20M7.5® 5703 165 B3 v
18M7.5" 340260 1.5 B9 v
18%9.1™  .26°25' 1.7 B3 v
18%1.9™  .s6°21'  1.83 A0 v
6"31.9%  416°29' 1.85 a1 w
s%3.0 - 9%2' 1.85 o 1
8" 0.1 -39°%3' 1.86 o5

0" 3.2 Loge3r  1.01. BSp III
s%26.9" - 0°22' 1.91 g 11
s"s2.2™  w4acs6'  1.93 v
L6 440°3' 195 gp v
M39.2  428°16'  2.00 o 1!
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K Sco
7 Cas
€ Cen
7> Cen
agir B
B Leo
7 Cen

LI Ma

TABLE 3 (Continued)

AT

13%19.9"

[¢}]

-38%59"*
+56°11°
-52°57*
~48°35°
$27° 3°
+15° 8°
~41°43

+55°27°
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2.00
2.01
2.06
2.08
2.10
2.12
2.13

2.14

Spec~ Luminosity

tral Class
Class

B2 v
Bde ¥
Bl v
A0 v
AO v
A3 v
B3p, A2p

A2 v
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5.3 FREQUENCY OF STARS OF DIFFERENT APPARENT MAGNITUDES

Figure 8 gives the aumber of stars, nm, brighter than 3 given
photograpkic or visyal sagnitude (lps or nv). The ivcrease of Q -
with m is approximately logarithmic, but tapers off for higher magni-
tudes. It is also evident from this figure that the number of stars
brighter than a given photographic magnitude is less than two-thirds
the number brighter than the same visual magnitude, and this ratio
decreaccs 22 we go towards fainter stars, becoming iess than one-haif
at magnitude 10. (See Table 4.)

5.4 DISTRIBUTION OF STARS OVER THE CELESTIAL SPHERE

Figure 9 siows the distribution of the rfifty photographically
brightest stars using equatorial coordinates. It i{s evident that the
distribution is far from uniform. The two solid lines represent
parallels of -galactic latitude (+15° and -15°). Thirty-two of the fif-
ty stars are within this narrcw band.

The ron-uniformity of distribution increases rapidly as we go
towards greater and greater limiting magnitudes, as is shown by the
plots in Figures 10 and 11 where log Nm (number of stars brighter
than photographic magnitude mpg’ per sq8§re degree) is plotted against
galactic latitude (for m_ =5, 10, 15 and 20) &nd against mpg (for
galactic latitudes 20°, £30°, 260° and $90°) respactively. It is evi-
dent that {or any limiting photographic magnitude m g’ there are fewer
stars at high galactic latitudes than near the galactic equator, and
that this ratio decreases with increasing limiting magnitude.

The model of our galaxy as a lens-shaped system with the sun
lorated in an eccentric position near the galactic plane explainsg the

observed concentration of stars im low galactic latituues.
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P TABLE 4
3 l NUMBER OF STARS BRIGHTER THAN APPARENT MAGNITUDE m
H (VISUAL AND PHOTOGRAPHIC)
} i
{ { n a, a_
z ' (photographic) (visual)
L 2 2
E I 4 3.236 x 10 5.370 x 10
é/‘ 6 3.020 x 10° 4.898 x 10°
& ! 8 2.344 x 107 4.169 x 10°
E I 10 1.738 x 10° 3.467 x 10°
|
} 1 12 1.202 x 10% 2.455 x 10°
i
i ;' 1% 7.586 x 10° 1.514 x 107
16 3.981 x 107 8.318 x 107
| l 18 1.820 x 10° 3.802 x 108
' 20 6.166 x 10° 1.175 x 10°
!
¥
)
I
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SECTION 6
FREQUENCY OF STAR OCCULTATIONS
6.1 THE FRACTIONAL AREA OF A CELESTIAL SPHERE OCCULTED INSTANTANEOUSLY

The semi-angle of the carth's 'shadow cone", according to
Equation (3.1), is

s
g = ain'l =2

This corresponds to a solid angle
w = 2r{l - cos B) (6.1)
The fractional area of a celestial sphere occulted

= 2= =51 - cos p)

2"
"’“'LI'T

r

8> ¥
'li 1l - 1-7—0—-—2- at the perigee
a“(l - e)
al X

=%[1 -1 - -5__2._—_3 at the apogee

a“(1 + ¢)

6.2 THE FRACTIONAL AREA OF A CELESTIAL SPHERE OCCULTED PER PERIOD

Consider the celestial sphere drawn in Figure 12 where the cen-
tral plane 1s that of the satellite orbit. The band of the celestial
sphere enclosed between the dotted parallels of latitude denotes the
shadow band for a circular orbit. Hewever for an elliptical orbit the

band will not have a uniform thickness. The waximum thickness will
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occer at the apogee pciznt fcorrasponding o the satellite locatios at
the perigee) and the minimem 2t the perigee point. The shaded aczes
represents such 2 shadow band cf varying thiciness. It is drawm to
corrcspend to an ellipse shose perigee distance 2qzals the radivs of
the circular orbic wbose™shedow cone™ is represented by the dotted
parallels of iarizvde. The fractiomal area occulted per period is
given by:

%8
1 = w2
F*'—Z—J sin € d5 av |
4R o J {
X _a
-2 L
2x 2
1
’;; - cos 8 dv
4‘_0 E_p
>-¢
2a
1
*;.;f 2 sin pdv
*“ Jo
2 a )
a - e cos v
3;—‘]{‘ 2 dv
: a(l - e?)
o

2 (6.3)
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where zp = a(l - 2) is the perigee Jistance.

arez occulted per pour is,

L}
~
p=t
v e
4]
| ] oh

Siz
1 1 Y
I —
Fo1.2212
3/2]4 | 512
L (- o
i Pb 1¥e rp]

where Pa is given by Equation (2.3).

The average fractionsl

(€.%)

For a circular orbit of radius rp, the average fractional area

occulted per hour is:

1 5/2

[

]
'dlr-
MI

< O
N

-]

l+e
(1 -¢e)

which is

(6.5)

373 times as large as for an ellipse whose perigee

distance equals the radius of the given circle. TFor ¢ -1 this

factor equals 4.2

It s to be noted that there can be a fairly substantial variation

2

in the actual rate of occultation of the fractional area of the celes-

tial sphere on account of the fact that the speerd of the satellite
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as welil as the Instantapeovs fractionai 2rea occuited, have their

moxime valees at che perigee ané their sini==x valucs at the apogee.
5.3 OCCULTATION FREQUESCY

¥e saw ip Saction 4, that the minisum nmimber of occultation
observations of distinct sitars required tc cziculate all six orbiz:cl
clements is six. Since experimental errors are inherant to all =cas-
urements, it wosld be desirable, in oréer to reduce the probable
errors ci measurements, to make approximately twelve observations and
obtain lezst square sclutions for the unknown elements. This see=s
particutarly desirable in view of the varizble and somevhat unknown
radiance (due to aurorae, air glow, etc.) of the earth's atmospherc
thrcugh which the star light would have to pass on its way to the
satellite measvring device. 7This particular problem is discussed in
another report of this series (Jones and Naqui 1962, hereafter refer-
rec to as Report 1II}.

We expect that in most cases, the approximate orbital elements
would be known even before the launch, and this, in conjunction with
the condition of occuitation derived in Section 3, would perzit us to
calculate exactly which (and how many) stars will be avaiiable for
occultation observations. However, some gereral results giving the
frequency of occultation can be obtained if we assuxme a uniform
distribution of stars over the sky. The fact that the stars are
concentrated in low galactic latitudes (See Section 5) will result,
depending upon the inclination of the orbital plane, in a higher or
lower occultation frequency than that derived on the basis of an
assured uniform distribution of the same number of stars. If the
orbitsl plane is inclined at a small angle to the gala:tic plane,
more occultations would occur than predicted, and vice rersa. Since
it would be desirable to have twelve occultations even if the orbital
plane were at right angles to the galactic plane, it is estimated

that a total of approximately 25 star occultations should be allowed
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for if we asstme a uniform distribution of stars.

it wouid mean thar for certzin favorable orbits (low inclinations to the

Very approximetely

galacric plane) the fulfillment of the conditions would give us fifty
or more stars whercas for the least favorable orbits there will be
about twelve stars avaiiable.

Let us assume that X stars are unifersiz distzibuted ove

- e
F Oy

he
sky. From Equaiion (6.3), the number of stars occuited per period of
revoiution is

a

£ =-N_2
l14+er -
P P

(6.6)

The average number of stars occulted per hour, according to
Equation (6.4) is

3/2 |a
e N -t
h Po l+e tp

6.7)

In order that q ster occultations can be observed per satellite

period, the total number of stars available over the entire sky

should be

r
= P
Nq q(l + e) a .

(6.8)

Similarly if we +ish to observe an average of q star occultations

39

per hour, the total number of stars over the entire sky should be
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In Figure 13. we have plotted Nq and Nq respectively against
hP(- rp - ao) for circuiar orbits (e = o) and for q = 25. For orbits
of any other ecceatricity these values should be multiplied with (1 + e)

l4+e

and < 372 respectively. The magnitude scaie corresponding to

L-e
the number of stars is given on the right side of the graph.

Although the present report deals primarily with the case neglect-
ing the atmosphere, there are two effects due to the atmosphere,
discussed in Reports II and IIX, which affect the occultation frequency
and the number of stars required {(or the limiting st2llar magnitude),
whicl should be mentioned here. First, due to Rayleigh scattering,
the sunlit half of the earth's atmosphere has such a large intensity
that no useful observations of stellar occultation against this bright
foreground are possible. As a result the frequency of occultatioas
is effe-tively reduced by %‘. The minimum requirement on the number
of stars is increased by 2, and the limiting magnitude of the detecting
instrument by approximately 0.65 magnitude. Second, due to partial
extinction of star light (again due to Rayleigh scattering) the light
intensity is decreased by approximately a factor of two, at the
instant of observation (See Report II). This does not affect the
frequency of occultations, or the requirement on the number of stars,
but does increase the limiting apparent magnitude for which the instru-
ment should be desigued by approximately 0.75. When the two effects

are combined, the requirement on limiting magnitude is increased by 1.4.
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NUMBER ¥ STARS HEQUIRED AND THE CORRESPONDING INSTRUMENTAL LIMITING

TABLE 5

N . *
MAGRIYUDE ¥CR 25 OCCULTATIONS PER PERIOD (K,5) AND PER HOUR (N,5)
FOR A FEw SCLECTED ORBITS

Eccen-
tricity

.01

.5

NOTE: (1)

(2)

Perigee Height ﬁp = 200

sewll~ Period
major (hours)
axis

a (k=)
6578 1.475
6644 1.497

1315¢& 5.171

Poyiges Height hp = 2000 km

Number Limiting

of
Stars

Nos

26
26

39

Magnitude
(photo-~
grephic)

1.58

1.58

1.93

8378 2.106
8463 2.152

16756 5.995

33
33

49

1.83
1.83

2.14

25

38
39

161

~J
(]

295

Limiting
Magnitude
(photo-
graphic)

1.91
1.93

3.38

2.55
2.56

3.92

Circular and elliptical orbits are considered in this

table but only the circular orbits are considered in

Figure 13,

The limiting magnitude may be raised by as much as 1.4

magnitudes on aceount of extinction and radiance of the

earth's atmosphere (See end of this section),
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